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A solution to the problem of heat.transfer with simultaneous heat generation in viscous 
tubular flow is presented. The temperature profiles and beat transfer coefficients which 
are obtained apply to compressible an well as incompressible Newtonian and power-law 
non-Newtonian fluids with constant physical properties and to systems in which the heat 
generation is an arbitrary function of radius. An example of heat transfer with frictional 
heat generation% a non-Newtonian fluid ik also presented, and the solution to the problem 
in which a fluid enters a tube in laminar flow with an arbitrary temperature profile is 
given, with a consideration of a fist approximation to the case of heat transfer in a turbulent 
fluid in which heat is being generated. 

Heat may be generated or absorbed 
in a fluid by various mechanisms. Iu  
c a e s  such as a chemical reaction or 
fluid flow under a largc pressure gradient 
the heat generation or absorption is 
incidental to  the main operation, and i t  
would be deairablc to be able to determine 
the effect of the generation on the system. 
In the flow of very viscous liquids, such 
as high polymcrs, the frictional heat 
generation may be quite large, and one 
would like t o  know the temperature 
history and mean exit temperature of 
the material when it is forced through a 
hot or cold conduit. 

Although a number of viscous-flow 
heat-generation problems have been 
analyzed, the general solution to the 
Graetz problem with simultaneous heat 
genenttion is not available. Gee and 
Lyon (5) have worked out one particular 
solution on a digital computer; Topper 
(14) has solved the problem with a 
generation term which is constant acrms 
the tube; and Brinkman (S), Bird (I), 
and others (IS) have considered the 
special case where the inlet temperature 
equals the wall temperature and heat is 
generated by friction. A number of 
solutions to related problems are also 
nvailable ( 4 ,  6, ‘7, 12). 

In  thin paper the general solution to  
the Gractz problem with heat generation 
will be obtained for Xewtonian and 
certain types of non-Newtonian fluids by 
an extension of the methods used by 
Urinkman and Bird. The solution nill not 
exclude compressibility effects, but, as an 
example, heat transfer coefficients and 
temperature profiles will be calculated 
for an incompressible non-Newtonian 
fluid in which heat is generated by 
friction. The solution to the problem in 
which a fluid in laminar flow enters a tube 
with an arbitrary temperature profile will 
also be obtained as a by-product. Since 
physical properties will be assumed 
constant and the velocity profile will be 
taken as fully developcd, the solutions 
must be considered as approximations to 

the rcsl case in the same sense as the 
Graetr equation is an approximation to 
the case of no heat generation (10). 

In turbulent flow, in addition to the 
well-known example of high-velocity gas 
flow ( lo) ,  the c u e  of constant heat 
generation with a constant wall heat flux 
in a long tube has been investigated ( I f ) ,  
and a fint approximation to  the problem 
in which the wall temperature is specified 
will be considcred here. 

TURBULENT FLOW 

In  a steady, well-dcvelopcd turbulent 
flow entering a uniform channel a t  a 
temperature To, where the wall tempera- 
ture is constant at T,, the local rate of 
heat transfer to the fluid in the absence of 
heat generation is given by 

dq = h(T, - T,)P dx (1) 
If the equation is interpreted in terms of 
the idealized film theory, all resistance to 
transfer lies in a thin kminar film a t  the 
wall, and the central core of fluid is 
eomplctely mixed. With this model, then, 
there would be negligible interaction 
between the heat transfer coefficient and 
the heat generation, since practically all 
the heat is generated in the turbulent 
core where mixing is immediate. In 
addition, the particular manner in which 
the heat generation varies with radial 
position is immatcrittl as long as a 
significant fmt ion  of the generation does 
not take place in the film. Thus the 
following hcat balsncc can be written 
in the prcsence of heat generation, 

WC, dl ’ ,  = h(T, - Tm)P dx 

+ W A ,  dx (2) 
and if the film theory is a suitable 
approximation, h has thc same value it 
would have if there were no heat genera- 
tion. Rearranging (2) giws 

If the group in the inner parentheses is 
considered to be Tw,, and since the inlet 
tempemture is To, both with and without 
heat generation, i t  is clear that heat 
generation causes the system to act as 
if thc wall temperature were highcr than 
the actual value by the amount WA./hP, 
which is WR/Ph for a tube. This result 
differs from high-velocity flow, as that 
particular case has been excluded from 
the analysis on the assumption that the 
heat generation is not concentrated near 
the wall. The solution to Equation (3) 
for a conduit of constant area and shape 
with W, h, and C p  constant, is 

and Equation (4) shows that the effective 
wall tempcrature, Tw,, is the temperature 
attained by the fluid in flowing through a 
long conduit. If Zquation (4) is put in the 
usual design form, then 

p = zc;e,(Tm - To) 

= hfi..(Twe - Tm)lm (5) 
and q is not the total thermal encrgy 
transferred across A.  but, as defined by 
Equation (5), is the nct thermal encrgy 
supplied to the fluid by convection and 
generation. 

If WAJhP varies nith z or T,, the 
problem is equivalent to one with no heat 
generation and a varying wall tempera- 
ture. If W varies linearly with T,, 
Equation (5) still holds, and the mean 
driving force is the log mean of (Ty. - 
T,,,) a t  both ends of the conduit. 

Thc foregoing analysis can be con- 
sidcrcd only a first approximation, and, 
whcn resistance to transfer in the turbu- 
lent core is a significant fraction of the 
total resistance, the heat transfer coeffi- 
cient will be altered by the heat genera- 
tion. The analysis would be expected to 
increase in accuracy as the I’randtl 
number and the ratio of the heat transfer 
through the mull to the heat generation 
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Fig. 1. Temperature profiles at NcZ = 31.4; 

frictional heat generation with n = 3. 

increase. The interaction between the 
coefficient and generation, for a constant 
flux in a long tube, can be obtained by 
analogy from available calculations (11)  
and might be used to estimate h in the 
problem considered here. When the 
interaction between the coefficient and 
generation is a predominate factor, the 
situation is of the same type as encoun- 
tered in laminar flow. 

LAMINAR FLOW 

The energy equation for laminar flow 
is ( I d )  

The last term on the right is the volu- 
metric rate of heat generation, and the 
adjacent term is minus the rate a t  which 
heat is removed by fluid expansion. 

Considered here is a fluid a t  a constant 
temperature To entering a tube with a 
fully developed laminar velocity profile 
which is constant along the tube; that is, 
u is a function of r only and there are no 
radial velocity components. The wall is 
a t  a constant temperature T,, and heat 
is generated (or consumed) a t  a rate 
depending only upon radial position. The 
physical properties are independent of 
temperature, and the flow has existed 
long enough for the temperature a t  all 
points to be independent of time. 
Equation (6) then reduces to  

when axial conduction is neglected. To 
include non-Newtonian as well as New- 
tonian fluids the stress-rate-of-strain 

curve is assumed to be given by a power r z = -  
law, R 

n ax x = ~ _ _  
n + 2 R2um 

(8) - du 
dr 
- - -AT"-l 

For n = 2 this is the equation of a 
Newtonian fluid, and for > 2 the 
equation approximately describes the 
rheological properties of many high 
polymers. The velocity profile 
becomes (12) 

and Equation (7) can be written as 

then make Equation (11) dimensionless, 

ae (1 - Z") - (9) dX 

where W is defined by 

a k  

and f(r)  describes the manner in which 
the net generation varies wih radius. 

The following transformations: 

8.-1.0 

7 8  7 6  74F 
.8 I 0  0.0 .2 .4 

7 

Fig. 2. Temperature profiles at Noz = 7.85; 
frictional heat generation with n = 3. 

The dimensionless number a is included 
merely for convenience. 

The boundary conditions of the prob- 
lem arc 

For large X the temperaturr: profile is 
independent of X ,  and Equation (16) 
reduces to 

-& (2 %) + af(2) = 0 (18) 

Conditions (176) and (17c) are unchanged, 
and Equation (18) yields the temperature 
profile for large X ,  

Following previous procedures (3, 1,  
I S )  the solution to Equation (16) is 
assumed to be 

e = e, + el (20) 

and by substituting this into Equation 
(16) one removes the generation term, 

a 0  1 a zdt), 
(1 - 2") 2 = - - ( ) (21) ax Z ~ Z  az 
The boundary conditions now are 

el(o, z) = 8, - e, ( 2 2 ~ )  

el(x, 1) = o (22b) 

Except for condition (22a) the problem 
is identical to the Graetz problem (10) 
when n = 2 and to the non-Newtonian 
generalization treated by Bird (2)  for 
other values of n. It has been shown (2)  
that the solution to Equation (21) is 
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el = - C Bzpi(Z)e-( l ix  (23) 
i = l  

and the eigenfunctions pi(Z) and the 
eigenvalues ai are tabulated for various 
n (2). 

From Equation (22a) and (23) at 
x = 0, 

eo - 0, = - C B ~ Z )  (24) 
* = 1  

and since the p%(Z) satisfy the ortho- 
gonality condition 

s,' (1 - Zn)Zp*(Z)p,(Z) dZ = 0 i # j 

(25) 
multiplication of Equation (24) by 
p,(Z)Z(l - Z") dZ and integration 
allows determination of the B,, 

B, = B,* - OoB,' (26) 
xhere 

s,' 8,(1 - z">zpm dZ 

I' Z(1 - zn)p,2(z) dZ 

s,' (1 - .Z")&7,(Z) dZ 

B,* = (27) 

B,' = (28) 
Z(1 - Z">p?(Z> dZ 

From Equations (ZO) ,  (23), and (26) 
the solution to the original problem is 

m 

T - T ,  
To - T ,  0, = 

1 p = -  
eo 

If l / a  is defined to be the value of the 
double integral in Equation (19) at some 
reference point, say a t  the center line, 

2' 

= s,' -& Zf(Z) dZ dZ' a 

then 0, is 1.0 a t  2 = 0; the denominator 

of Equation (13) becomes T,, - T,, and 
from Equation (32), 

where T,, is the center-line temperature 
a t  X = a, given by Equation (33). 

The term in brackets in Equation (30) 
now rises from 0 a t  X = 0 to a maximum 
value of 1 .O in the tube centcr a t  X = a, 
while the term on the right decreases 
from 1.0 a t  X = 0 to 0 a t  X = a. 
P may take on vaIues ranging from 
--co to +a, and, when the absolute 
value of is small, heat generation may 
be neglected. 

P also has another interpretation. 
With the earlier assumptions, an energy 
balance over an adiabatic conduit yields 

WC,(T,, - TO) = V'TR~X (35) 
combining this with Equation (32) gives 

where p' is the ratio of the adiabatic 
temperature rise to the inlet temperature 
difference. 

When there is no generation or expan- 
sion, p = 0, and Equation (30) reduces 
to 

m 

8,' = c Bi'p,(Z)e-a*X (37) 
* = I  

This is the solution to the generalized 
Graetz problem for which the 82' are 
tabulated ( 2 ) .  [For a Newtonian fluid 
Equation (37) is Graetz's solution.] 

When To = T,, Equation (29) yields 
a 

e2* = e, - ~ B $ * ~ ~ ( z ) c - ~ ~ ~  (38) 
*=1 

the solution to the problem in which the 
inlet temperature equals the wall tem- 
perature. 

Thus from Equations (30), (33), (37), 
and (38), 

e, = pe2* + 8,' (39) 
or 

(40) 
T - T ,  T* - T ,  T' - T ,  - - 
To - T ,  To - T ,  -k To - T ,  
and so the reduced temperature at any 
point in a tube is equal to, in the general 
case, the reduced temperature which 
would be obtained with heat generation 
if the inlet temperature were equal to 
the wall temperature, plus the reduced 
temperature which would be obtained in 
the absence of heat generation. 

Since the a,, pi(Z), and Bi' are known 
for various n (2) ,  specifying f(2) fixes 
8, by Equation (19), and Equation (27) 
allows the Bi* to be determined. Numer- 
ical values may then be obtained from 
Equation (30). (It should be noted that 
the n used in this paper is [I f n] in 
Bird's notation [ I ,  21). 

A.1,Ch.E. Journal 

MEAN TEMPERATURE CHANGE AND 
HEAT TRANSFER COEFFICIENT 

The mean temperature across a tube is 
defined by 

and the average of Equation (39) shows 
that the mean reduced temperatures are 
additive in the same sense as the reduced 
point temperatures. It follows that the 
total thermal energy change of the fluid 
is the sum of the change due to normal 
conduction without generation and the 
change due to the net effect of heat 
generation in a tube where the wall 
temperature equals the inlet temperature. 
The former term is available, and the 
latter can be calculated once f(Z) is 
specified. 

Alternately an arithmetic mean heat 
transfer coefficient can be defined to give 
the effects of conduction and heat genera- 
tion by 

This leads to the usual equation for ha (lo),  

(43) 

and from Equations (39) and (41) and 
the definitions of Nusselt and Graetz 
numbers, 

When T,  > To, P is negative and N N ,  is 
increased by generation and when T, < 
To, is positive and AT,, is decreased by  
generation. 

FRICTIONAL HEAT GENERATION- 
LAMINAR FLOW 

An example of the application of the 
foregoing equations is frictional heat 
generation in an incompressible fluid. 
Here 

and 

Equation (33) gives 

a = 2(n + 2) (47) 

and the profile for large ( X )  is given by 
Equations (19) and (46), 

0, = 1 - 2 " + 2  (48) 
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The equations for f(2) and O,, are available 
if the fluid is compressible (12). From 
Equations (45), (32), and (36), 

(49) APlPC, 
p' = J(To - T,) 

and Ap/pc ,  is the mean adiabatic tem- 
Derature rise of an incompressible fluid, 
(Tma - To). 

With 0. known, the Bi* may be 
obtained from Equation (27). Since these 
calculations have already been carried 
out in studies of frictional heat genera- 
tion (1 l 13) in which the inlet temperature 
equals the wall temperature] the tem- 
perature profiles shown in Figures 1 and 
2 were obtained by calculating Oz* from 
Equation (38) and adding these to the 
tabulated (2 )  values of 0;. 

Oz,* was obtained by numerically 
integrating Equation (41) by use of the 
preceding values of Oz*, and, with Bird's 
(2)  values of &,', O Z m  was obtained from 
Equations (39)] and (41). All these 
calculations apply only for n = 3. 

The series for OZm' converges slowly at 
high Graetz numbers, but the asymptotic 
form has been determined by LBvCque 
(8) for Newtonian fluids and can be 
obtained from Marshall and Pigford (9) 
for non-Newtonian fluids. The value of 
&,* at high Graetz numbers is known 
only for the adiabatic case, but as the 
series in Equation (38) converges more 
rapidly than the one for OZm', OZm could be 
extended to Graetz numbers of about 
200 without too great an error. 

Figure 3 shows 1 - OZm, which is the 
reduced temperature rise of the fluid, as 
a function of Graetz number for various 
values of 0 and 0'. When the inlet fluid 
is warmer than the tube wall, P is 
positive, and the temperature change of 
the fluid is decreased as /3 increases, since 
the heat generation partly compensates 
for the heat loss through the tube wall. 
When is negative, the conduction and 
generation are both in the same direction, 
and the temperature change is increased 
as the magnitude of p increases. 

At low values of the Graetz number 
the temperature attains its steady value, 
which from Equations (30), (41), (9), 
and (48) is found to be 

This is 1 - 6/7b for n = 3, and it is 
clear that when 0 is negative the mean 
temperature rises above the wall tem- 
perature when the Graetz number is 
small. From Figure 3, the point a t  which 
the mean temperature reaches the wall 
temperature depends upon and Noz. 
For p = -1  the mean temperature 
reaches the wall temperature a t  a Graetz 
number of 20 and exceeds i t  for lower 
Graeta numbers. 

When f l  is positive, Equation (50) 

I I I I I I I l l  

shows that the mean temperature may 
fall below the wall temperature for large 
enough values of 0. 

The lines of constant p' of Figure 3 
apply to operation at a constant ratio 
of the adiabatic temperature rise to the 
inlet temperature difference. They would 
correspond to operation with one fluid at 
at a constant pressure drop with a vary- 
ing tube length. Although the heat 
generated per unit mass of fluid is 
constant along a line of constant p', all 
the lines converge to the = 0 line at 
low Graetz numbers and diverge in- 
creasingly from this line as p' and NoZ 
increase. 

The results in Figure 3 are shown in 
Figure 4 in terms of the arithmetic mean 
heat transfer coefficient] defined by 
Equation (44). The asymptote a t  small 
Graeta numbers, when the steady tem- 
perature is attained, is from Equations 
(44) and (50) 

HEAT TRANSFER WITH INLET TEMPERATURE 
A FUNCTION OF RADIUS: LAMINAR FLOW 

The solution can be obtained from the 
earlier results, if the generation and expan- 
sion terms are dropped from Equation 
(7), the reduced coordinates (14) and 
(15) are used, and (13) is replaced by 

where Tma is the mean inlet temperature. 
The differential equation is 

(l-T)"=--(Z") ae 1 a ae (53) 
ax zaz az 

the boundary conditions are 

0,(X,  1) = 0 (54b) 

and I ( Z )  is the reduced inlet temperature. 
This problem is formally identical to 

the one defined by Equations (21) and 
(22) if I(2) = Oo - 0.. From Equations 
(23) to (28) the solution to the present 
problem is 

e3 = C e-aixpi(Z) 
m 

i = l  

1' I (Z)Z( l  - zn)Pi(z) dZ 

s,' Z(1 - Z")pi"(Z) dZ 
(55) 

The generalization to the case in which 
heat is being generated follows readily. 
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Greek letters 

a! = thermal diffusivity, sq. ft./hr. 
/3 = dimensionless parameter, l /Oo 
/3’ = dimensionless parameter, (Tma - 

e’ = mean value of absolute tempera- 
ture times Coefficient of thermal 
expansion 

100 

To)/(To - T w )  

0 = time, hr. 
8 

€4 
8* = reduced temperature = (T - 

O5 = reduced temperature = (T - 

8; = reduced temperature = (T’ - 
02* = reduced temperature = (T* - 

p = density, 1b.-mass/cu. ft. 
T 
pi = eigenfunction 
Qj 

= reduced temperature = (T - T,) 

= reduced temperature = 8 - 8, 
/ ( l /a)(R2W/k)  

Tw)/(To - Tw) 

TW)/(T,O - T,) 

Tw)/(To - T w )  

T w ) / ( T , c  - TJ 

10 

”” 

= shear, stress, Ib./force/sq. ft. 

= volumetric rate of heat genera- 
tion, B.t.u./(hr.)(cu. ft.) 10 

Subscripts 

c = center line 
i, j = indexes 
m = mean 
Im = logarithmic mean 
0 
s 
w = wall temperature 
‘ 7 2  = Laplacian operator 

= initial value, X = 0 
= steady value, X = m 

01 d 
10 10 100 - = derivative following the motion of 

N c 7  ae 
the fluid 

Fig. 4. Nusselt number with frictional heat generation; n = 3. 

NOTATION 

a = dimensionless constant, Equation 
(33) 

ai = eigenvalues 
A = constant relating stress and rate 

of strain, l/hr. X (lb. force/ 
sq. ft.)l-. 

A ,  = surface area for heat transfer, 
sq. ft. 

A ,  = cross-sectional area, sq. ft. 
Bi = dimensionless coefficient, Equa- 

Bi* = dimensionless coefficient, Equa- 

Bi‘ = dimensionless coefficient, Equa- 

c, = heat capacity at constant pres- 

D = diameter, ft. 
f 

tion (23) 

tion (27) 

tion (28) 

sure, B .t.u./ (lb .-mass) (OR.) 

= dimensionless function which de- 
scribes variation of heat genera- 
tion with position 

h = local heat transfer coefficient, 
B.t.u./(hr.)(sq. ft./”F.) 

ha = arithmetic mean heat transfer 
coefficient, B.t.u./(hr.)(sq. ft./ 
OF.) 

I = reduced inlet temperature 

J =  

k =  

n =  

N N ~  = 
Noz = 
P =  
A p  = 
P =  
P =  
r =  
R =  
T =  
Tma = 
Tw. = 
T’ = 

T* = 
u =  
w =  w =  

x =  
x =  
z =  

conversion factor = 778 ft.- 
1b.-force/B.t.u. 
thermal conductivity, B.t.u./(hr.) 
(ft. / O F . )  

c?limensibnless constant, Equation 
(8) 
Nusselt number, h.D/k 
Graetz number, wcJkx 
pressure, 1b.-force/sq. ft. 
pressure drop, 1b.-force/sq. ft. 
perimeter, f t. 
net rate of heat input, B.t.u./hr. 
radius vector, f t .  
tube radius, f t .  
temperature, OR. 
mean adiabatic temperature, OR. 
effective wall temperature, OR. 
temperature in absence of heat 
generation, OR. 
temperature if To =‘T,,,, OR. 

velocity, f t./hr. 
mass flow rate, 1b.-mass/hr. 
mean net volumetric rate of heat 
generation across tube B.t.u./ 
(hr.)(cu. ft.) 
axial distance, ft. 
reduced axial distance = 
In/(n + 211 ax/(R2~,)  
reduced radial distance = r/R 
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